Abstract. For a number field K, we extend the notion of the ring class field of an order in K [C. Lv and Y. Deng, SciChina. Math., 2015] to that of an arbitrary number ring in K. We give both ideal-theoretic and idele-theoretic description of this number ring class field, and characterize it as a subfield of the ring class field of some order. As an application, we use it to give a criterion of the solvability of a higher degree norm form equation over a number ring and finally describe algorithms to compute this field.
Introduction
Ring class fields are closely related to the problem of the existence of integral solutions of norm form equations, see for example [2, 11, 12, 13] . The original and typical application can be found in [2] written by David A. Cox, which introduced how to use the ring class field to give a criterion of the integral solvability of the quadratic form equation p = x 2 + ny 2 over Z. In [13] Wei and Xu proposed a rather different idea to give an idelic form criterion of the integral solvability of the quadratic equation a = x 2 ± dy 2 over Z for an arbitrary integer a. The ring class fields considered in [2, 13] were all restricted to the case of orders of imaginary quadratic fields [4, 3] , one described in ideal-theoretic form and the other in idele-theoretic form. Then C. Lv and Y. Deng [5] generalized this notion to an order of an arbitrary number field. They gave an explicit ideal-theoretic description of this ring class field and applied it to the solvability of the diophantine equation p = x 2 + ny 2 over o F where F is an imaginary quadratic field. In this article, we consider to extend this notion more generally to an arbitrary number ring R of an arbitrary number field K. We start from the explicit ideal-theoretic description of the ring class field of R, including the determination of its modulus and congruence subgroup, and then find and verify the idele-theoretic correspondence of it, of which the form has already been known in the case of an order, but its equivalence to the ideal-theoretic version has not been verified in literature yet. By the way we give a characterization of the ring class field of a number ring in terms of the ring class field of an order. As an application, we extend the main results in [2] and [13] to the relative extension case for a higher degree norm form equation over a number ring. Finally, we introduce how to compute this ring class field using Pari/GP [1] .
The article is arranged as follows. In Section 2 we present the explicit ideal-theoretic description of the ring class field of a number ring. In Section 3 we give a characterization of such a kind of class fields. In Section 4 we give and verify the idele-theoretic correspondence of number ring class fields. Section 5 discusses further the structure of number rings and proposes an application and Section 6 describes the algorithms for computing number ring class fields using Pair/GP.
The Ring Class Field Defined By a Number Ring
Given a number field K, a number ring R in K is an integral domain for which the field of fractions is equal to K [10] . For example in Q there are infinitely many number rings, such as Z, Z[ ] and Q itself. R has its integral closure in K, which is denoted by O. The conductor of R is defined to be f := { x ∈ K | xO ⊆ R }, as in the case of orders.
In this section, first we recall some basic facts about the Picard group of R and the generalized ideal class group. Then we focus on a subgroup of the Picard group of R whose elements are prime to f, and found it naturally determining a congruence subgroup. By showing that this subgroup is indeed the whole Picard group of R, and through the class field theory, the Picard group of R corresponds to a class field of K, which is exactly the ring class field of R. For a number ring R of K, we consider the group of all invertible ideals of R, denoted by J(R). Those principal ones, i.e. αR for some α ∈ K * 1 , form a subgroup of J(R), denoted by P (R). The quotient Pic(R) := J(R)/P (R) is called the Picard group of R. In the case R = o K , Pic(R) is exactly the class group Cl K of K.
For the properties of number rings, we need the following results. See detailed proofs in [10] .
Proposition 2.2. Let R, K, O, f be as above. We have (1) For any prime ideal P of R, P is invertible ⇔ R P is a discrete valuation ring ⇔ P ∤ f (i.e. P f).
(2) Let A be an integral R-ideal prime to the conductor f, i.e. A + f = R. Then A is invertible and factors uniquely into a product of invertible prime ideals of R. (3) O is a Dedekind domain, and there exists a set T of prime ideals of o K such that
There is an injective map { prime ideals of O } ֒→ { prime ideals of o K } by the natural contraction of ideals, and the missing part is exactly the set of the prime ideals in T . Moreover, we have pO = O for any p ∈ T .
Using symbols in the above proposition we have
For our goal, we make the following assumption in this paper:
Assumption: The associated set T of R is finite.
1 For a ring A, A * denotes the subset of multiplicative invertible elements of A.
2.2.
The Congruence Subgroup Determined by Pic(R, f). We follow some of the notation and symbols used in [5] . For an ideal I of R (or o K , O), consider the set of prime ideals that are "prime to I": set S(R, I) := { prime ideals P of R | P + I = R }. It follows from Proposition 2.2 that O is the ring of T -integers for some finite set T of finite places of o K . Let
Note that f is an ideal of both O and R, andf is prime to m 0 by Proposition 2.2 (4).
Lemma 2.3.
There is a bijection between S(R, f) and S(O, f) by the extension and contraction of ideals. Also there is a bijection between S(o K ,fm 0 ) and S(O, f) in the same way.
Proof. The first bijection is analogous to the case of orders together with the ring of integers, as in [5, Lemma 3.3] , where we only need the fact that if P is a prime ideal of R and prime to f, then PO is a prime ideal of O and prime to f. Since P + f = R, there exists α ∈ P and f ∈ f such that α + f = 1. Then for any x ∈ O, x = xα + xf ≡ xf mod PO where xf ∈ fO ⊆ R. This shows R/P = O/PO, which proves the fact. For the second bijection, it is a direct result of Proposition 2.2 (4).
Remark. We can compose these two bijections to obtain a bijection between S(R, f) and S(o K ,fm 0 ): P → PO ∩ o K for any P belonging to the left side, and p → pO ∩ R for any p belonging to the right side.
Let J(R, f) (resp. J(O, f)) be the group generated by S(R, f) (resp. S(O, f)). By Proposition 2.2, it is contained in J(R) (resp. J(O)) and a free abelian group over S(R, f) (resp. S(O, f)). These results hold for Jf m0 K as well. Therefore we obtain the following
The second isomorphism is given in the same way.
We consider the subgroup P (R, f) of J(R, f), which is generated by the set of restricted principle R-idealsP (R, f) := { αR | α ∈ R, αR + f = R } ⊆ P (R). Here we can define the important intermediate group Pic(R, f) := J(R, f)/P (R, f). We want to find the correspondence of the subgroup P (R, f) under the isomorphism given in Corollary 2.4. LetPf Proof. For proving (1) we only need to showPf
And since α − 1 ∈f, then αR + f = R. On the other hand, by Corollary 2.4 the equality αO ∩o K = αo K holds for any element α which is prime to m 0 .
For (2) , in fact the generating setPf m0 K,R has been carefully chosen to be the image of the subseť P (R, f) under the isomorphism J(R, f) → Jf m0 K in Corollary 2.4. Therefore the subgroups generated by them are also isomorphic. Then the isomorphism from Pic(R, f) to Jf m0 K /Pf m0 K,R is clear.
2.3.
Isomorphism between Pic(R, f) and Pic(R). The last step to connect the Picard group of R with a class field of K, is to show the isomorphism between groups Pic(R, f) and Pic(R). Actually, we can show that for any integral R-ideal g satisfying f | g, the natural map from Pic(R, g) to Pic(R) is an isomorphism. Lemma 2.6. For an invertible fractional R-ideal A, if it satisfies AR P = R P for some prime ideal P of R, then A is prime to P or equivalently belongs to J(R, P). In other words, A = a b where a, b are integral R-ideals that are prime to P.
Proof. The condition AR P = R P implies that A ⊆ R P . Since A is a finitely generated R-module [10, Section 2], there exists some α ∈ R\P such that αA ⊆ R. On the other hand, αAR P = A(αR P ) = AR P = R P , which means αA P and hence αA + P = R. Let a = αA, b = αR, and then the proof is done.
Corollary 2.7. Let B ∈ J(R) be an invertible fractional R-ideal, P be a prime ideal of R. Then there exists some x ∈ K * such that x −1 B is prime to P.
Proof. Since B is invertible, B P is a principal R P -ideal [10, Proposition 4.4], say B P = xR P for some x ∈ K * . Then (x −1 B)R P = R P . It follows from Lemma 2.6 that x −1 B is prime to P.
Lemma 2.8. Let S = { P 1 , · · · , P r } be a finite set of prime ideals of R, B be an invertible integral R-ideal. Then there exists some α ∈ R, such that
Proof. From the proof of Corollary 2.7, for any generator x of BR P1 in R P1 it follows that (x −1 B)R P1 = R P1 . And since B is integral we can assume that x ∈ B ⊆ R.
[10, Lemma 5.1] says that every nonzero ideal of the local number ring R P contains some power of the maximal ideal of R P . Assume e to be the exponent such that P e 1 R P1 ⊆ BR P1 . By the Chinese Remainder Theorem, there exists an α ∈ R satisfying
We claim that α satisfies (1) .
Firstly it is obvious that (α
After all these preparation we can prove the main theorem in this section:
Theorem 2.9. Let notation be as above, and g be an integral R-ideal divided by f. We have
The monomorphism from Pic(R, g) to Pic(R) is an epimorphism.
Then for a general number ring R, we have Pic(R, g) ∼ = Pic(R).
Proof. For proving injectivity, it is analogous to the case of orders. One may refer to [5, Lemma 3.9] . For surjectivity, let S = { all prime ideals dividing g } = { P 1 , · · · , P r }. Take an invertible Rideal B, which can be assumed to be integral. It remains to show that there is a representative in the ideal class of B which is prime to all prime ideals in S, i.e. there exists some γ ∈ K * such that γ −1 B ∈ J(R, S). By Lemma 2.8, for each i ∈ { 1, · · · , r } we find an α i ∈ R such that
By Lemma 2.6 it means that γ −1 B is prime to all P i in S, or equivalently γ −1 B ∈ J(R, S).
2.4.
The Ring Class Field Defined by R. For readers' convenience, we state here the classic existence theorem of class field theory. See [7] and [8] for standard references. 
Since the Artin map is surjective, we also have
This theorem says that such a pair (m, H m ) uniquely determines an abelian extension L of K. Choosing the modulus and congruence subgroup as we want, then we obtain Theorem and Definition 2.11. Let all notation be as above. Then there exists a unique abelian extension H R of K, such that all primes of K ramified in H R dividefm 0 , and the kernel of the Artin map ϕf
We call H R the ring class field defined by the number ring R (or number ring class field of R).
Remark. We state here a conclusion that will be used in next section: For an unramified prime ideal p of o K , we have:
These equivalences are direct except the first one, which one may refer to [2, Corollary 5.21].
A Characterization of Number Ring Class Fields
In this section, we give a more explicit characterization of the ring class field defined by a general number ring R.
We keep all notation in Section §2. First we assume that the integral closure O of R is the ring of T -integers where T contains only one prime ideal of K. We attain our main conclusion as
It is an order in K. Denote by H o and H R the ring class fields defined by o and R respectively. Then H R is a subfield of H o . Moreover, it is the invariant subfield of H o fixed by the decomposition group D pr of p r in the Galois group of
By the class field theory, the crucial point is to find out the relation between their Picard groups.
Lemma 3.2. We have an exact sequence
where the first map is the contraction of prime ideals, and the second map is the natural extension of ideals.
Proof. Recall thatf = f ∩ o K where f is the conductor of R. It is divided by the conductor f o of order o. For an element x ∈f, x is an algebraic integer and
There is also a natural map from Pic(o,f) to Pic(R, f) by extension of ideals, which is compatible with φ through these two isomorphisms. We still denote it by φ. It amounts to verifying the following exact sequence
by Corollary 2.4, then following Proposition 2.2 (4) there is an exact sequence
For proving (3) it only remains to show that φ −1 (P (R, f)) = P (o,f). Take an element αR in P (R, f). It has the form β 1 R/β 2 R where β i ∈ R, β i R + f = R. We may assume that α ∈ R. Recall that the integral closure O of R is the ring of T -integers, and O * is the group of T -units, usually denoted by U T . Here we need two facts from [10] : the torsion-free part of U T is of rank (r + #T ) where r is the rank of the torsion-free part of o * K ; and the index [O * : R * ] is finite. These two facts imply that there exists an ǫ ∈ R * such that γ = ǫα satisfies ord
xp , and then γo K +f = o K since prime ideals in T is prime tof. Therefore γo +f = o, and then γo ∈ P (o,f) is a preimage of αR under the map φ. This completes the proof.
Proof of Theorem 3.1. By the definition of ring class field, it follows that
Recall that the last isomorphism is constructed through the Artin map
where we denote by p r the group generated by p r . Note that the subgroup in Gal(H o /K) generated by ϕ fo Ho/K (p r ) is exactly the decomposition group of p r . Then by the uniqueness of ring class field, H R is the subfield of H o which is fixed by the decomposition group of p r in H o /K.
In the case of the above theorem, it amounts to the fact that H R is the maximal subfield of H o in which p r splits completely. Since Lemma 3.2 holds for general T , then following the same argument we obtain the more general Corollary 3.3. Let all notation be as above except removing the assumption of T . Let T be a finite set of prime ideals of K, say { p 1 , · · · , p t }. Then H R is the maximal subfield of H o where all the p i split completely.
When K is an imaginary quadratic field, thanks to the complex multiplication (CM) theory [2] , the ring class field H o defined by an order o of K can be generated by the singular moduli j(o), i.e. H o = K(j(o)). In this case, by using Theorem 3.1, together with one of the main theorem of CM [2, Theorem 11.36] which says the Galois action of Artin symbol ϕ fo Ho/K (p) on j(o) is given by j(p −1 ), we can obtain Corollary 3.4. Let K be an imaginary quadratic field, R be a number ring in K and o K,T be its integral closure in K where T = { p 1 , · · · , p t }. Set H o , H R to be the ring class fields of o, R respectively, and f i to be the residue class degree of
Idelic Correspondence
For a number field K, denote by I K (resp. A K ) the idele group (resp. adele ring) of K, K ab the maximal abelian extension of K. C K := I K /K * is the idele class group of K. The idele-theoretic formulation of class field theory states that, there is a unique continuous homomorphism, called the global norm residue symbol,
such that the correspondence U → ψ 
In this section, we give an explicit description of the open subgroup of C K corresponding to the number ring class field we defined in Section §2.
Let Ω K be the set of all places in K, ∞ K the set of all infinite places in K. Let K p be the completion of K at p, o Kp (or Z p when K = Q) be the valuation ring of K p and m p be the maximal ideal of o Kp for every p ∈ Ω K \ ∞ K . We also write o Kp = K p for p ∈ ∞ K . Denote by U Let all notation be as in Section §2 and Section §3, e.g.
For proving the following Theorem 4.2 we need the lemma:
that maps (x p ) p to the class of p∈Ω\∞K p ord p (yxp) . Here y ∈ K * is a global element satisfying
Theorem 4.2. For a number ring R in K, let H R be the number ring class field defined by R. Let
Kp . Proof. For any rational prime p, there is a natural Q p -algebra isomorphism [9] 
which is also a homeomorphism. For any p | po K , we compose it with the projection to K p , and denote it by ϕ p :
Note that it is a closed (and open) map. And the composition
First we prove this theorem in order case, i.e. R = o. In this case T = ∅ and we are reduced to the following
is the closureō of o in K p (under the embedding i p which we will omit if there is no confusion).
Since o ⊗ Z Z p is closed in K ⊗ Q Q p so C p is closed in K p , which implies C p ⊇ō. On the other hand, for any two elements a 1 , a 2 ∈ō, and for any integer l, there exist positive integers n 1 , n 2 such that a 1 a 2 + m 
Under this isomorphism we have 
Hence we obtain (7), and following the idele-theoretic class field theory we know that the open subgroup p∈Ω Q o * p of I K corresponds to the ring class field H o of o.
Next we prove this theorem in the general number ring case. For p ∈ ∞ K , as in order case
We use the same symbol C p to denote ϕ p (R ⊗ Z Z p ) as in the order case. When p ∈ T , we claim that C * p = K * p . Recall that o = R ∩ o K and p is prime to f o , and it has been proved in order case that
On the other hand, there exists an ǫ ∈ R ⊆ C p such that ord p (ǫ) < 0.
We claim that the localization o (p) of o atp is contained inō. Take any 1/s ∈ o (p) where s ∈ o \p. For any (positive) integer l, since so +p l = o (the maximal ideal in order o that contains p l isp), so there exists an a ∈ o such that s · a ≡ 1 mod m
As a result, together with (6) we can obtain (5). Furthermore, as for any p ∈ T , ι −1 (p) = (1) q =p × τ p ∈ I K , denoted by θ p , where τ p ∈ K * p is an uniformizer for p. It follows that p∈Ω Q R * p = p∈Ω Q o * p · θ p p∈T . By Lemma 3.2 we know that Pic(R) ∼ = Pic(o)/ p∈T p Z . Therefore, the ι in Lemma 4.1 induces an isomorphism
Following the idele-theoretic class field theory, the open subgroup p∈Ω Q R * p of I K corresponds to the number ring class field H R of R. This completes our proof.
An Application to Norm Form Equations
Before studying the application, we investigate further the structure of number rings in Q and in K.
The smallest number ring in Q is Z. When talk about a number ring R in Q, we mean it to be a finitely generated Z-algebra in Q (under the Assumption in Section §2.1), say Z[ ] where a is a square-free positive integer, which is a localization of Z by the set of the powers of a. Note that it is still a principal ideal domain (PID).
For a number ring R in K, its integral closure O in K is the ring of T -integers o K,T for some T .
Since o K,T can be generated by T -units as o K -algebra, and the rank of the group of T -units is (r + #T ) where r is the rank of o * Proof. It has been proved in Lemma 3.2 that f o ⊇ f∩o K . And it is also obvious that
K [10, Theorem 10.9], then T is finite if and only if
The proof is complete. When extending a number ring in Q to that in K, we have Corollary 5.2. Given a number ring Z[ 1 a ] in Q and a number ring R in K. Set T to be the finite set of all the prime ideals of o K dividing ao K . Then Rings class fields are originally applied to the integral solvability of quadratic equations of the form p = x 2 + ny 2 over Z, see [2] . Then Wei and Xu [13] construct a class of idele groups called X-admissible subgroups for determining the integral points for multi-norm tori, and interpret the X-admissible subgroup in terms of Brauer-Manin obstruction. By this method they give an idelic form criterion of the integral solvability of a quadratic equation of the form a = x 2 ± dy 2 over Z for an arbitrary integer a. It can recover the classical result in [2] when a is prime and the X-admissible subgroup in this case is exactly the idelic correspondence of the ring class field of the order Z[
. Also they consider general norm form equations for higher dimensional tori, but do not give a certain description of the class field corresponding to the X-admissible subgroup. In [6] 
. Now we may extend these results to the relative extension case for a higher degree norm form equation over a number ring.
Let E/F be a finite extension of number fields of relative degree n, R be a number ring in F . Let W be a number ring in E which is an R-module that can be generated by n elements {α 1 , · · · , α n } and
Note that the second condition is automatic if R is integral closed in F . For any p ∈ Ω F , denote byR p the closure of R in the complete field
For any b ∈ R, let X be the affine scheme over R defined by the equation f (x 1 , · · · , x n ) = b. Obviously f (x 1 , · · · , x n ) = b has a solution belonging to R n (R-integral solution) if and only if X(R) = ∅ (R-point). Next we follow some of the notation used in [6] .
Denote by R E/F (G m,E ) the Weil restriction of G m,E to F . Denote by T the kernel of the norm map N : R E/F (G m,E ) → G m,F . It is a torus and T := Spec(R[x 1 , · · · , x n ]/(f − 1)) is an R-model of T . Let X F be the generic fiber of X. Then it is natural that X F is a T -torsor. Hence given any P ∈ X F (F ) ⊆ E * (assume that X F (F ) = ∅), there is an isomorphism φ P :
Denote by λ E the natural injective homomorphism T (A F ) ֒→ I E . Note thatR p = o Fp for almost all p ∈ Ω F . Then p∈ΩF T(R p ) (resp. p∈ΩF X(R p )) can be viewed as a subset of T (A F ) (resp. X F (A F )). Moreover, for any p ∈ Ω Q , 
The injectivity ofλ E is crucial. Following the definition from [13] an open subgroup Ξ of I K is called X-admissible if it contains λ E ( p∈ΩF T(R p )) and the inducedλ E is injective.
On the other hand, through the isomorphism φ P , we can read p∈ΩF X(R p ) as a subset of I E by the following
Denote this composite map byf E . Actually this embeddingf E can be naturally interpreted by another way, not requiring that X F (F ) = ∅: for every place p it is clear that
for almost all p ∈ Ω F . Denote by H W the ring class field of W . Let ψ HW /E : I E /E * p∈ΩF W * p → Gal(H W /E) be the induced isomorphism under the global norm residue symbol ψ E . Under some assumptions, p∈ΩF W * p is an admissible subgroup for X, and hence gives a criterion of the solvability of f (x 1 , · · · , x n ) = a over R.
Proposition 5.3. Let U be a complete set of representatives of R * /(R * ) n . Assume that for every u ∈ U, if the norm form equation f (x 1 , · · · , x n ) = u is solvable overR p for all p ∈ Ω F then it is solvable over R. Then X(R) = ∅ if and only if X F (F ) = ∅ and there exists an x ∈ p∈ΩF X(R p ) such that ψ HW /E (f E (x)) = 1.
Proof. It is analogous to the case when R = o F . See the proof of Lemma 1 and Proposition 1 in [6] . We should notice that
In the following we consider the absolute case F = Q. When E/Q is an imaginary quadratic extension and R = Z, the classic ideal-version criterion in [2] can be recovered by the above ideleversion criterion, see Corollary 4.2 in [13] . In the case of real quadratic extension, the problem of the sign appeared in the norm form equations can not been dealt with effectively by the ideal-version method (also known as Gauss's method). But some connection can be built between these two version criterions. More generally we have the following Proposition 5.4. Let notation be as above. Take F = Q, R = Z. Then W is contained in o E hence an order in E. Let X ′ be the affine scheme over Z defined by the equation f (x 1 , · · · , x n ) = −b. Take b = ℓ to be a rational prime and ℓ ∤ [o E : W ]. Then the following are equivalent:
(
There exists a prime ideal p ℓ of E lying over ℓ such that N E/Q (p ℓ ) = ℓ and p ℓ splits completely in H W .
Proof. 1) ⇒ 2) is trivial. For 2) ⇒ 3), there exists an x ∈ p∈Ω Q X(Z p ) such that ψ HW /E (f E (x)) = 1 if and only if 
where f (p/p) is the residue class degree of p over p.
When
since it is easy to show that o * Ep ∩ W p = W * p , and therefore
Hence (3) means that p ℓ = αo E for some α ∈ o and N E/Q (p ℓ ) = |N E/Q (α)| = ℓ, which clearly implies (1).
Remark. When n is odd, (1) is equivalent to that ℓ = f (x 1 , · · · , x n ) is solvable over Z, and (2) to that there exists an x ∈ p∈Ω Q X(Z p ) such that ψ HW /E (f E (x)) = 1.
If we take R = Z[ 
is solvable over Z for some non-negative integer m if and only if there exists some prime ideal p ℓ lying over ℓ such that N E/Q (p ℓ ) = ℓ and p ℓ splits completely in the ring class field H W . In particular, if E/Q is Galois and W is integral closed in E, then the last condition can be simplified to that ℓ splits completely in H W .
Proof. The norm form equation ±ℓa m = f (x 1 , · · · , x n ) is solvable over Z for some m ∈ Z ≥0 if and only if (9) ℓa (9) is true, then the prime ideal decomposition of βo E has the form p ℓ p∈T p e with N E/Q (p ℓ ) = ℓ. It is equivalent to that βo E,T ∩ o E = p ℓ . Hence (9) holds if and only if (10) 
By the definition of the congruence subgroup P fm0 E,W determined by W (c.f. Section §2.2) and the number ring class field H W , and note that ℓ ∤ a, ℓ ∤ [o E : o], then (10) is equivalent to that there exists some prime ideal p ℓ lying over ℓ such that N E/Q (p ℓ ) = ℓ and p ℓ splits completely in H W .
If E/Q is Galois and W is integral closed in E i.e. W = o E,T , then the admissible modulus fm 0 = p∈T p for H W is Galois invariant and the congruence subgroup P fm0 E,W = P m0 E,oE,T for H W is also Galois invariant since o E,T is Galois invariant. Hence H W is Galois over Q. The proof is complete.
Computation
In this section, for a number ring R we describe how to compute its Picard group, and then to compute its ring class field using the computer algebra system Pari/GP [1] .
Assume R is given by an order o and a T -unit ǫ in o. Since o is a free Z-module of rank n, so it can be represented by a n × n matrix with integer coefficients, where columns represent a basis of o under a given set of integral basis of K. And ǫ is represented by a column under this basis.
Recall [17] that a finitely generated abelian group G is represented by a pair (G, D G ) where G ia s finite set of generators of G given as a row vector, and D G a matrix in Smith Normal Form (SNF) representing relations of G, such that GX = 0 if and only if X is a Z-linear combination of the columns of D G (when G is a multiplicative group and G = (g i ) and X = (x i ), then GX is an abbreviation of g xi i ). Given a short exact sequence of finitely generated abelian groups
Assume ψ and φ can be computed efficiently. It is often asked how to compute a group and solve its discrete logarithm problem (DLP) from the remaining two groups and their DLP algorithms. Both three cases have been discussed clearly in [17, 15] . These three routines will be used repeatedly in the following computation.
6.1. Computing the Picard Group of R. For the number ring R, its integral closure is the T -integer ring o K,T for some T . Let f be the conductor of R. We may use the following exact sequence from [10, Theorem 6.7]
to compute the Picard group of R.
6.1.1. Computing Other Terms in the Exact Sequence. For the first term in (11), Pari/GP has the function bnfsunit to compute the group of T -units given any number field K and finite set T of prime ideals of K as input. For the second term in (11) , note that o K,T is no longer a finitely generated Z-module. We need the following 
Following the same argument we can prove R/f = o/f o .
By this Lemma we have (o
In Pari/GP the function idealstar can be used to compute the multiplicative group (o K /f o ) * and ideallog to compute the discrete logarithm of an element in it. Complete algorithm is described in [17] . And [18] made an improvement on it . As for the computation of (o/f o ) * , the computation is analogous to that of (o K /f o ) * , except that we should compute the conductor f o first. The whole algorithm has been described in [19] . Note that for solving the DLP in the quotient of (o K /f o ) * modulo (o/f o ) * , we only need the algorithm to solve the DLP in the former group.
Since ϕ(α) = αo K,T (or αo K ) can be computed efficiently we can compute the cokernel of ϕ, that is the quotient group of (o K,T /f) * /(R/f) * modulo ϕ(o * K,T ), which is also equal to the kernel of φ. Solving the DLP in the kernel of φ can be reduced to solving the DLP in (o K,T /f) * /(R/f) * . As for the fourth term in (11) , it can be computed by the following exact sequence from [10] p∈T
Computing the class group of K and solving its DLP have been well-considered in many references and in Pari/GP [14] , bnfinit and bnfisprincipal respectively. The function bnfsunit can be used to compute the T -class group Cl(o K,T ), but we fail to find the function to solve the DLP in it. Furthermore, for our final goal we need something more through computing the DLP in Cl(o K,T ).
vi , but also the γ ∈ K such that A = γo K,T · P vi i . The algorithm can be described as following:
Input:
vi .
Compute the discrete logarithm of every [p
Remark. Note that we use o K -ideals {c i } to represent or store the generators of Cl(o K,T ). 6.1.2. Computing Pic(R) and Solving the DLP in It. Now we come to the short exact sequence
where the first group and the last group have been computed, denoted by
, D C ) respectively. For computing Pic(R) first we consider how to represent an element of Pic(R).
From Theorem 2.9, Pic(R) ∼ = Pic(R, f). Instead of dealing with an arbitrary ideal I of R, indeed we could choose another representative I ′ in the class of I which is also prime to f. Note that S . There exists a polynomial-time algorithm that finds a ∈ K such that ord p (a) = e p for all p ∈ S and ord p (a) ≥ 0 for all p / ∈ S. Pari/GP has function bnrinit to compute the ray class group Clf m0 K . Also we know how to compute the Picard group of R and solve the DLP in it by previous argument. Then we can compute the congruence subgroup Pf m0 K,R (modulo Pf m0 K,1 ) determined by Pic(R, f), which can be represented by a matrix M R , c.f. [17] .
Finally, given a congruence subgroup M R for modulusfm 0 , we should compute the corresponding class field H R . It is a rather complicated and technical but interesting task. Pari/GP has function rnfkummer to compute it, but only in the case that the class field is a Kummer extension of prime degree over K. It uses a method based on "Hecke's theorem" [15, Theorem 10.2.9] . For the general case, it is more avaliable to use a method based on "Artin map", which is proposed by Claus Ficker in 2000 [20] . For more knowledge one may refer to [16] . 
